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Total Mark: 60 No. of exam pages: 2 pages (1 sheet)
Question 1 ( 20 marks)
. Sinx '
a) Prove that lim —— =1, ' (4 marks)
x>0 Xx
A
/C’ From the figure
|OB| = |0A| =1
|OD| = cosx
|BD| = sinx
1
. AC| =
N | C/L tanx
AB =x
0 ~
D A
From the figure
IBD| < 4B < |AC]
sinx < x < tanx
X 1
l1<—<
sinx ~— cosx
. . X
lim1 < lim—— < lim—
x—0 x=08nx x-0C0SX
< i 2 <
. 1< limyg sinx 1
. sIn;
Then Lm -=]
x—=0 Xx
b) Obtain the following limits:
) lim —X =3
> (2 )
S marks
lim 2x—3 = lim 1 =0
oo x4 x—06 e 2x+1
if) lim(cotx™* : 1
) o 0( ) (3 marks)
y=(cotx)™ = Iny =sinxIn(cotx)
ln(cotx) _0

limlny = limsinx [n(cotx) = lim
x=0 x=0 -0 ¢scx 0
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—csc? V
otx
llm Iny=lim——£C0tX _¢
=0 —cscxcotx

lnlmgy—():>lm(;1y—e =1

x+4
2x-5"

(2 marks)

c) Find the inverse of the function f(x)=

_ y+4
Let x = P

y+4

2y =5
x2y=5)=y+4
2x—1)y=5x+14

S5x +4

2x —1
Then f7'(x)=

X =

y =
4+5x
2x-1

4x+10 .
d) Determine where the function f(x)= xz—ls is continuous. (3 marks)
— X

the function is an algebraic fraction, where both the denominator and nominator functions are
polynomials.

. X ) ) 4x+10 . )
Since the polynomials are continuous on R, the function 7(x) = m is continuous on
X— A

R —{=3,5}). Where {—3,5} are the zeros of the denominator function.

2

e) Considering X2+y2—2x—6y+5=0, evaluate % (3 marks)
. x
242y Y 5 64y g
dx dx

(2y—6)d—y:2—2x = dy=2—2x=1—x
dx dx 2y-6 y-3

‘y_d (1-x J:(y —3)(—1)—(1_x)@_

Then d };= 3 %
dx= dx\y-3 (v -3)
dy
3-y)—(1-x )L
d:zy:( y) ( x)dx
dx? (y —3)2
(1-x)
3—y)—(1->
dy C-0-9¢ =3
dx’ (y-3)°
. qfl+tanx dy ‘
f)If y=tan :taTx show that — i =1. (3 marks)
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dy 1 (1 — tanx)(secx)? + (1 + tanx)(secx)?

dx 1+ tanx\? (1 — tanx)?
1+ (1 - tanx)
dy _ (1 — tanx)? (secx)?[(1 — tanx) + (1 + tanx)]
dx (1 -—tanx)? + (1 + tanx)? (1 — tanx)?
dy _ ‘ 2(secx)?

dx 1-2tanx + (tanx +)% + 1 + 2tanx + (tanx +)2

dy  2(secx)? 2(secx)?

dx 2+ 2(tanx +)2 _ 2(secx)?

Question 2 (20 marks)

a) Deduce the nth derivative for the function y =sin(ax + ), where a,b are real constants.

(3 marks)

y' =acos(@x+b) = asin(ax+b +§)

y"=a’ cos(ax+b +%) =a’ sin(ax+b+2§)

y"=a’ cos(ax+b +2%) = a’ sin(ax+b +3%)

. z
¥y =a"sin(ax+b+n E)

b) If y=5cos(Inx)+ 3sin(In x), show that:

i) x°y, +xy+y=0 (2 marks)
i) X2Yp4e + Cn+ Dy + (2 + 1Dy, =0 (3 marks)

D= _TSSin(lnx) +%cos(lnx)
xy, ==5sin(Inx) + 3 cos(Inx)
X, +y = - cos(lnx) —Esin(lnx)
x x

x*y, +xy, =—(5cos(Inx) +3sin(Inx)) = —y
x*y, +xy +y=0

ii) [x*y2]n + [x1]n + [V]n = 0

using Leibnitz theory

[%Yn42 + 2n2ynaq + (0 = Dyl + [0 + 0] + 3, = 0
XYnip + 2n+ Dxyysg + (2 + 1)y, =0

c) Get the critical points of the function f(x)=3x"-5x>+3; hence, use the second
derivative test to classify these critical points. © (4.marks)

S(x)=15x"=15x* =15x* (x =) (x +1)

When f'(x) =0 | L
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the critical points are x=0, x=—1I, x =1
f7(x)=60x"-30x

S"()=30 then x=1 is a relative minimum
f"(=1)=-30 then x=-1 is a relative maximum

f"(0)=0 then the test fails to determine whether x=0 is a relative minimum or maximum

d) Verify Rolle's theorem for the function f(x)=x* —3x, in the interval [0,3]. (4 marks)

To apply Rolle's theorem for the function, we check

1- The function a polynomial, that is continuous and differentiable on .
hence, f(x) is continuous in the interval [0,3] and differentiable in the interval (0,3).
f(0)=0and f(3)=9-9=0
3- Then there exists at least one point ¢ € (0,3)where f'(c) = 0
ff(x)=2x-3
f'(c)=2c-3=0
then ¢ = % € (0,3) which verify the theorem

e) Find Taylor's expansion for the function f(x)= ea, about the point x, =2. (4 marks)
f( o) f" (%) f (%)

fx) = fx,) + (x — x,) + ST (X~ Xo)P b === (=)™ +
f(x)=e2 f@=¢
f@=te f)=te
[i(x)=tet fr2)=te
" (n)
ng(2)+f—()( —2)+f—Q( 2)2+---+f ()(x— 2)" +

NIR

R

[1+ (x—2)+= (x 2)2 4+

inl (x—Z)n-l----] ' s
\—g%;
e R e
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Question 3 (20 marks)

a) Use the mathematical induction procedure to prove that: 1* +2° +3% +...+ 1 [

n(n+ 1)]
2

is true for all integers n21. (3 marks)
Step l:at n=1
RS=13=]
LS= (1‘2)) =1
Then the relation is true for n =1
Step2:at n =k
. 2
Let 13 423 4 + k3 = (K2)
Step3:at n=k+1
2
RS=1% 423+ + 13+ (k+ 1) = ((52) 4 (k + 1)°
= (k + 1)? [(g) +(k+ 1)} E ez 1 4k + 1)) =S (e + 2)7)
2
_ [(k+1)2(k+2) ] ~1S
Then the relation is true for n =k + 1
Then the relation is true for all n>1.
S ‘
b) Express 18x" +3x 3+ 6 in partial fractions. 3 Marks
GBx+1)
18x2+3x+6_ A N B . C
(Bx+1)*  3x+1 @Bx+1? Bx+1)3
18&*+3x+6_ 2 3 7
(Bx+1)° Bx+1) (Bx+1)> @x+1)°
3 2 5 . .
c) Calculate the value of ¢ that makes the matrix 4 =4 7 9 [singular. 3 Marks
1 5 ¢
The matrix A is singular when |4 =0
3 2 5
|4 =14 7 9/=0 then c=4
1 5 ¢
3 Marks

1 2 3
d) Evaluate the inverse of the matrix B = (2 5 3} .
1 0 8
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construct the matrix

1 2 3|1 0 0JR,—2R; 1 2 3|1 0 0
[253010}-9 0 1 -=3/-2 1 0

1 0 80 0 11 R3—R; 0 -2 5(-1 0 1

- 01 =-3-2 1 0o - o 1 =3]-2 1 o
Rz +2R, 10 0 —-1l-5 2 1 00 1l5 -2 —1
Ri—=9R; [1 0 0140 16 9

- 0 1 0/13 -5 =3

Ry+3R; 0 0 1l5 -2 —1

40 16 9

ThenB™* =13 —5 -3

5 =2 -1

4 3
e) For the two matrices G = (2 7] and H = (Z g %) , compute the following:
6 1

) 2G+ H' iiy GH (4 Marks)

13 10
D 2G+H' =13 14
14 10

32 36 32
i) GH = {38 18 60]
34 54 20

f) Use the matrices to determine whether the following system consistent or inconsistent:

x+2y—z=1
2x-y =3 4 Marks
3x+ y-z=5
construct the matrix
1 2 11 Re=2Ri[1 2 —1| 1] Ry—R,[1 2 —1f 1
=2 -1 0|3 - 0 -5 21|-3 - [O -5 2 —3}
3 1 =151 R3—3R10 -5 2| 2 0 0 015

rank[A] =2 #  rank [4|B]=3

Then the system is inconsistent.

EA
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